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and isometries, we must be able to describe isometries and to understand 
isometries (or, to be precise, their derivative maps) do to the derivatives of a 


Study advice 

The following represents a possible plan for study weeks. 

Week 1 O’Neill, Chapter III, Sections 1-3. 

Week 2 O’Neill, Chapter III, Sections 4-5, the summary and TMA02. 






1 Isometries 


Read O’Neill: Chapter III, Section 1, pages 98-102. 


Erratum O’Neill, page 102, the last line of text 
‘Alternatively.q = F(p)... \ 


(a) To define what is meant by an isometry, 
followed by a translation. 

The second aim is important because it makes calculations with isometries very 
relatively straightforward process. 

Isometries The mathematical concept of isometry is intended to formalize the 
idea of a rigid motion, a motion which changes the position of objects but not 
their size or shape. In particular, the distance between two points after the rigid 
motion must be the same as the distance between them before it. This property of 
preserving distance is taken as the defining property of isometries. 

Many of the transformations that you have met before are isometries. Intuitively, 
it is fairly clear that rotations, reflections and translations are isometries. O’Neill 
deals explicitly with translations and rotations in his examples. The ‘straight¬ 
forward computation’ referred to in the discussion of rotations is elementary, but 
messy, algebra. The result is the important thing, not the details of the justification. 
Composites and inverses Having defined a new type of object, isometries, you 
should be expecting the next steps. We show that the composite of isometries is 

Actually, O’Neill deals only with composition (in Lemma 1.3). O’Neill also ob¬ 
serves that the inverse of a translation is a translation and, therefore, an isometry. 
The general result for inverses is not difficult and we include the proof here for 

The idea of the proof is straightforward: because an isometry F preserves the 
between A( p)°'° ’ “ “ ‘ ‘ * 

Lemma 1.3a If F is an isometry of E 3 , then F _1 is also an isometry of E 3 . 
Proo/Suppose that p and q are points in E 3 . Then, 

d(,F~\ v ), F~\ q)) = d(F(F-\p)), F(F-\ q))) (because F is an isometrj 
= d(p, q) (because FF~ l is the identity). 

Thus 


this, in passing, as a linear transfor- 
gles are, essentially, defined in terms 


d(F-'(p),F- 1 (q)) = d(P,q), 

and F -1 is an isometry. 

Orthogonal transformation O ’Neill defines 
mation which preserves dot products. Since an 



orthogonal transformations preserve angles as well as dot products. In particular, 
they preserve right angles, hence the name orthogonal. 

The plan of campaign for the proof of Theorem 1.7 can be set out as follows. 

(a) Deal with isometries that fix the origin by; 

(i) showing that such an isometry preserves dot products; 

(ii) showing such an isometry is linear; 

(iii) deducing that such an isometry is an orthogonal transformation. 

(a) Deal with the general case by combining it with a translation that ensures that 
the composite fixes the origin and, hence, that the composite is an orthogonal 
transformation. 

Lemma 1.6 Two points arise here: polarization and linearity. 

Polarization is the sort of idea that is ‘obvious* once you have seen it! Actually, it 
simply involves careful application of the information about F and the definitions 
of norm and distance in terms of dot product. 

The final steps in the linearity argument are omitted by O’Neill for the very good 
reason that they take up a lot of space for little insight. However, for completeness, 
here is the missing detail. 

Suppose that 

P = (Pl,P2,Ps), 

q = 

P’(u i ) = v j , i = 1,2,3. 

Then 

F(ap + 6q) = F + 6g i u i )'j 



= + ki)F( m) 


(because we know that F acts linearly on the u») 

= 

= XJ(“PiVi + %v,-) 

= 

= aF(p) + bF(q). 

Once you know that F behaves linearly with respect to a basis (the ii*) then it 
must behave linearly overall. 

In the next section we shall apply the ideas contained in the proof of Lemma 1.6 to 
obtain an explicit formula for the orthogonal transformation that takes one given 
orthonormal basis into another. 

Optional The comments about closure and inverses, made earlier, may have re¬ 
minded you of work on groups from previous courses. If time permits, you might 
like to look at Exercises 7 and 8 which discuss groups of isometries. 

Exercise 1.1 O’Neill , page 103, Exercise 1. (This exercise is included to empha¬ 
size that the order of the orthogonal part and translation part of an isometry is 
important.) 





The notation set up in Theorem 2.3 means that 


ej = (“n,“i2,“i3) 

«2 = (“21, “22, “23) 

«3 = (“31, “321 ®33) 

/l = (611,612,613) 

h = (621,622,623) 
h = (631,632,633). 

We want C(e,) = /, so we want C to have the following effect. 
/“n\ /6n\ 



If we combine these as a single matrix equation, we get 

/“ll “21 “31 \ / 6n 621 631 \ 

C “12 “22 “32 = 6 12 622 632 . 

V“13 “23 “33/ \6l3 623 633/ 

We can write this equation as 
C'A = *B. 

We can solve this for C by multiplying on the right by (U) -1 and, since A and 'A 
are orthogonal, (b4) _1 = \ l A) = A. Hence 
C = ‘B‘A - 1 


A point easily overlooked is that the translation part of the isometry is 
q-C(p) 

and not q — p. This is a consequence of the expression 
F = TC 

in which the orthogonal part is applied first. Overall, we require 

n P) = q 


Ftp) = (rc)(p) 

= T(C( p)). 

Thus T is the translation taking C(p) to q. 

We can now predict that, when an isometry is applied to a curve, the orthogonal 
part will determine what happens to the Frenet frame at each point of the curve. 
In spite of the fact that applying Theorem 2.3 is a very important skill, we have 
set only one exercise on it. The reason is that the application to curves will give 
you further opportunity to develop this skill. 

Exercise 2.1 O’Neill, page 106, Exercise 1. 

Exercise 2.2 O’Neill, page 107, Exercise 5. 

[Solutions on page 18 ] 





3 Orientation 


Read O’Neill: Chapter III, Sectior 

Errata 

1 O’Neill, page 108, the second disp 
should read: 

2 O’Neill, page 108, the final calculat 

n(ei)-n(e 2 )x^(e 3 ) = det 

= sgn 

Orientation The underlying idea beh 
and right-handed gloves) is probably i 
formalization that is tricky. 

Lemma 3.2 You may find the follow 
Let us denote the attitude matrix of th 
writing out the effect of F*, that is C, 



Combining these, we have 
*B sb C*A. 

Now, the triple scalar product 
^(ei)-F*(e 2 )xF*(e 3 ) 
is the determinant of the attitude mat 
det(B) = det^CU)) 

= det( w A*C) 

= det (A*C) 

= det(A) det(*C') 



Exercise 3.2 



4 Euclidean geometry 

Read O’Neill: Chapter III, Section 4, pages 112-115. 

Erratum O’Neill, page 113, in Fig. 3.6, the vector attached to a(t) should be 
labelled Y(t), not Y(t). ■ 

This section provides the final technical tools that we shall need for our discussion 









5 Congruence of curves 


Read O'Neill: Chapter III, Section 5, pages 116-121. 


Erratum O’Neill, page 120, the last line of the proof of Corollary 5.6 should read: 

n««) = nn*m = m)) = m- ■ 

In this section we prove the converse of Theorem 4.2 to complete the proof of the 
following result. 

Main theorem on curves If a and (3 are unit speed curves in E 3 then a and (3 
are congruent if, and only if, 

A by-product of the method of proof is that it is possible to give an explicit recipe 
for constructing the isometry in such cases. 

We also extend the theorem to non unit-speed curves. This extension requires the 
additional condition that 


The overall strategy is the following. 

(a) Deal with the case in which the two curves are related by a translation. 

(b) Deal with the general case, making use of the special case. 

Let us consider two curves, one a translated version of the other. We know that, for 

a translation, the orthogonal part, C is represented by the identity matrix. Since it As usual, when discussing 

is C that determines what happens to the velocity vector of a curve, velocity vectors isometries, we use the 

of the two curves will actually have the same Euclidean coordinate functions. Thus F = ^ notati °n without 

the velocity vectors will be parallel. comment. 

Lemma 5.2 This lemma deals with the converse of the observation above. It shows 
that we can detect if two given curves are related by a translation by inspecting 
their velocities. If their velocity vector fields are parallel, there is a translation 
mapping one curve to the other. 

Note that you cannot actually calculate the three constants p,, * = 1,2,3 unless you 
know a pair of corresponding points on the two curves. Without this knowledge all 
that you can assert is the existence of the constants. Fortunately, this is sufficient 

Theorem 5.3 The approach to the general case is mildly complicated by the need 
to consider the cases 


Tp = T a and Tp = —r a 
separately. 

The basic idea is fairly straightforward. We choose corresponding points on each 
curve and choose an isometry that will accomplish the following: 

• map o(0) to (3(0), 

• map the Frenet frame at a(0) to the Frenet frame at /?(0), allowing for a small 
complication. 

Because equality of the functions k q and Kp implies that 

MO) = mo), 

we choose a(0) and (3(0) as the pair of corresponding points. 

We can always construct an isometry to map a given point to another and, simul- This was the technique you 
taneously, map a chosen frame at the first point to a frame at the second. practised in Section 2. 









Example 5.4 Here O'Neill points out the application of the method of Section 2 
to finding the isometry required to map one curve to another. 

Corollary 5.5 We already have a test for deciding whether or not a curve is a 
cylindrical helix: calculate the ratio t/k. The curve is a cylindrical helix if, and 
only if, this ratio is a constant. 

What O’Neill is discussing here are circular helices. 

Corollary 5.6 This corollary removes the restriction to unit-speed curves. 
Theorem 5.7 0Neill presents this for completeness and because of the applica¬ 
tion to which he refers. Since the part of 0 Neill referred to does not form part of 
this course, you may omit this theorem, or simply read it out of interest. 

The achievements of this section are substantial. The Frenet apparatus gives a 
standard test for the congruence of curves. Moreover, if two curves are found to be 
congruent, then we have a method of constructing the isometry which makes them 
congruent. 


In constructing such isometries, the only point that needs to be watched is what 
happens to B. Symbolically 


T.( 0) 

M o) 

BA 0) 


2>( 0) 
ty(0) 
±BA 0) 


with the sign chosen to match the sign in rp = ±r Q . 


The first two exercises give you a chance to practise the basic techniques resulting 
from Theorem 5.3. The others develop the ideas slightly and may be omitted if you 
are short of time. 


Exercise 5.1 The curves a and 0 are defined by 
a(<) = (cos<,sint,0), 

0(t) = J(—2 cost + 2sin< + 3,2 cos* + sin< — 3,cos< + 2sinf). 

Show that a and 0 are congruent and find an isometry F such that 

0 = F(a). 

Exercise 5.2 The curves a and 0 are defined by 
a(t) = (3t-< 3 ,3t 2 ,3*-M 3 ), 

/?(<) = (3^<,-3< 2 ,^ 3 ). 

Show that a and 0 are congruent and find an isometry F such that 
P=F{<*). 

(Hint: To save you some time, note that a was discussed in Chapter II, Example 4.4 
on pages 69-70 of O’Neill. Use the results obtained there to shorten your working.) 

Exercise 5.3 O’Neill, page 121, Exercise 1. 

Exercise 5.4 O’Neill , page 122, Exercise 4. 

[Solutions on page 20 ] 




6 Summary 


Read O'Neill: Chapter III, Section 6, page 123. 


This chapter has introduced the formal definitions necessary to give a 
congruence of curves in E 3 . 

Using these ideas it was possible to prove that the speed, curvature 
functions completely determine a curve in E 3 , except for the position 

The techniques which have been developed from the theory are: 

(a) deciding whether or not two curves are congruent; 

(b) when two curves are congruent, constructing an isometry that map 


Solutions to the exercises 


Solution 1.1 

In order to prove that two transformations (i.e. functions) 
are the same, we show that they have the same effect on 
a typical member of the domain. So, let p € E 3 . Then 
(CT a )(p) = C(T a (p)) 

= C(p + a) (definition of T a ) 

= C(p) + C(a) (C is Unear) 

= r C (.)(C(p)) (adding C(a) is T c(a) ) 


CT a = T C (a)C. 



Solution 1.2 

As suggested in the hint, we apply the above result. 
FG = ( T a A)(T b B ) 

= T a (AT b )B 

= T a (TA(b)A)B (using the previous solution) 


A(b)(AB). 

T a +A(b), 

and the orthogonal part is 
AB, 

the composite of the orthogonal parts of F and of G. 
Note that the translation part is not simply the 

However, it is easier just to interchange a with b, A with 
B. Thus, the translation part of GF is 

T 6+ B(a) 

and the orthogonal part is 



Solution 1.3 

calculate f CC. 



C( p) = (-3n/2,-2,5V2). 

q = -f(p) 

= (T„C)(p) 

= T„((-3%/2,-2,5v^)) 

= (~3i/2, -2,5V5) + (1,3, -1) 

= (-3V2 +1,1,5-^2- 1). 

(b) For this part, we can usefully apply the solution to 
the first exercise to get an explicit expression for F -1 . 
F- 1 = ( T a Cr 1 

= C^Ta 1 

= l CT- a 

= Ti C (-a) t C. 



= (5t/2, —2,3V2). 





= -f'-’(p) 

= (5-v/2, —S, 4-y^)- 
We have 


'„(p) = (3,l,7) 



= (CT.)( p) = (-2V5,l,5V2). 


vector perpendicular to a and let q be the zero vector. 
Then p — q is orthogonal to a and so cos# = 0. Hence 
IIpII^o 

l|f(p)ll = IN = 0. 

(c) If we write 

^{P) = (l>3,l>2,pi)-(1,2,3), 
then we can see that F = TC, where T is translation by 
(-1,-2,-3), 

and C is defined by the matrix 


Since C is orthogonal (it has de 

A ‘first principles’ computation 
F is an isometry. 

(d) If we compare ||jF(p) - jP(q)|| with ||p - q||, we get 

ll-P'(p) - f(q)II = IKpi.k, 1) - (41,93, i)|| 

= \/(j>l -?l) 2 + (l>2 -«2) 2 

Up - q|| = \/(i>i - ?i) 2 + (?2 - «s) 2 + (ps - ?3) 2 . 

We can now see that, if ?3 — 93 # 0, these two results are 
different. 

Hence F is not an isometry. 

There is a directly geometric way of seeing that F cannot 
































